The problems of classifying Hurewicz fibrations whose fibres have just two non-zero homotopy groups and classifying 3-stage Postnikov towers are substantially equivalent.
0
is defined, and the orbit set [B, M ∞ ] 0 / E(K(G, m)×K (H, n) ) is shown to classify the above fibrations over B up to fibrewise homotopy type.
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Main Results
Let F and B be spaces. Then FHT(F : B) will denote the set of fibrewise homotopy types (= fibre homotopy types) of Hurewicz fibrations over B with fibres homotopy equivalent to F .
If K(G, m) is an Eilenberg-MacLane space with m > 0, and B is a space, then there is an obvious group action (see Section 23 of [St] for an early version of the result, and 5.2.2 of [Ba] for a proof).
In this paper, we generalize that theorem to the case where the fibre is a product of two Eilenberg-MacLane spaces.
Our solution uses the classifying space M ∞ , introduced on p.89 of [B1] , with underlying set consisting of all null homotopic maps from individual fibres of the path fibration p : P K(G, m + 1) → K(G, m + 1) [S, Cor.2.8.8 ] to the space K(H, n + 1). More details are given in Section 4.
If X and Y are spaces and y ∈ Y , then c(y) will be used to denote the constant map from X to Y with value y. In particular, the basepoint of M ∞ will be the constant map c(e) : ΩK(G, m + 1) → K(H, n + 1), where Ω indicates a loop space and e is the identity of K(H, n + 1).
Let X be a based space. Then E(X) will denote the group of based homotopy classes of based self-homotopy equivalences of X, with the operation of composition.
The group E(K(G, m) × K(H, n)) can be identified with the collection of all 2 × 2 matrices of the form
where θ ∈ Aut G, φ ∈ Aut H, ψ is a based map from K (G, m) 
to K(H, n), and [ψ] the corresponding homotopy class in [K(G, m), K(H, n)]
0 (see [R, Example 4 .1]). Multiplication within this group agrees with matrix multiplication and composition of terms, in the expected sense (see also (2.7)).
If q : Y → B is a fibration and b ∈ B, then we will use Y |b to denote the fibre of q over b.
A pointed space will be said to be well pointed if the inclusion of the basepoint in the space satifies the homotopy extension property. We then have maps
, where b ∈ B, and
We notice that these two maps into M ∞ agree at (b 0 , 0), i.e. both take that point to the constant map c(e) : ΩK(G, m + 1) → K(H, n + 1).
A single application of the homotopy extension property then determines -up to based homotopy class -a based map
θ 0 ψ φ · k : B = B × {1} → M ∞ .
The required group action is then induced by the rule
We define the three-stage Postnikov tower over B, τ (k 1 , k 2 ), to consist of the principal fibrations p 1 : E 1 → B and p 2 : E 2 → E 1 , determined by the k-invariants k 1 and k 2 , respectively.
We define t(k 1 , k 2 ), the Postnikov fibration over B asssociated with τ (k 1 , k 2 ), to be the fibration p 1 • p 2
The based map k : B → M ∞ determines a Postnikov fibration t(k 1 , k 2 ) over B, where the first k-invariant is k 1 , as described in Proposition 1.1, and the second k-invariant k 2 is specified by the rule
where k 1 (b) = p(y). Thus k 2 denotes a map from the second stage of the tower, i.e. the pullback space B P K(G, m + 1) determined by k 1 and p, to the space K(H, n + 1). Further details concerning k and t(k 1 , k 2 ) are given in (4.2). Now k is basepoint preserving, so k 2 |({b 0 } × ΩK(G, m + 1)) is the constant map with value the identity e of K(H, n + 1). It follows that the fibration t(
Theorem 1.2 (The Basic Classification Theorem). Let m and n be integers such that 1 < m < n, and G and H be Abelian groups. Further the well pointed space B has the homotopy type of a simply connected CW -complex, so B could be any simply connected CW-complex. Then there is a canonical bijection:
determined by the rule 
We now give a handier version of this theorem, at least for stable range situations. The essential difference is that the previous group action was defined using composition of functions and the often harder to compute homotopy extension property, whereas, in the following case, the action is more conveniently defined using composition and pointwise addition of functions only. Proposition 1.3 (The Second Group Action). Let m and n be integers such that 0 < m < n, and G and H be Abelian groups. Then there is an explicit group action
where θ ∈ Aut G, φ ∈ Aut H, χ : K(G, m + 1) → K(H, n + 1) and k : B → M ∞ are based maps, and b ∈ B. We note that the constant map c(χk b) and their sum are all maps from P K(G, m + 1)|θ(k 1 (b)) to K(H, n + 1). We will show in Section 6 that, under stable range conditions, this action is equivalent to that of Proposition 1.1, leading to the following result. Theorem 1.4 (A Stable Range Classification Theorem). Let m and n be integers such that 1 < m < n < 2m, G and H be Abelian groups, and the well pointed space B have the homotopy type of a simply connected CW -complex. Then there is a canonical bijection
determined by the rule (ii) The group action of Proposition 1.5 determines an orbit set
and there is a canonical bijection from this orbit set to
Then the bijection of (ii) takes [(κ, λ) ], the orbit of (κ, λ) , to the fibrewise homotopy type of the principal K ×L-fibration over B induced by the map
from the path fibration over K(G, m + 1) × K(H, n + 1).
Notations and other Preliminaries.
We work in the context of the category of compactly generated spaces or cgspaces [V] .
2.1.
If p : X → B and f : A → B are maps, then there is an associated pullback space A (f )X. The associated projections will be written p 
2.3.
Free and based homotopies will be denoted by and 0 , respectively, and the set of based homotopy classes of maps from X to Y by [X, Y ] 0 . , m) and K(H, n) will be abbreviated to K, L, K and L, respectively. Thus K = ΩK and L = ΩL. Often these spaces require basepoints, in such cases their identities e will play that role.
The spaces K(
G, m + 1), K(H, n + 1), K(G
2.5.
The path fibrations over K and L will be denoted by p :
the analagous homeomorphisms for that case.
2.7.
We will use the notations θ, ψ, φ and y, z to denote the matrices θ 0 ψ φ and y z ,
determines a based self-homeomorphism of K ×L.
2.8.
We will abbreviate the concept of fibrewise homotopy equivalence (or fibre homotopy equivalence) to FHE. Let h be an FHE between fibrations with distinguished fibres K ×L. Then h|(K ×L) is a self-homotopy equivalence of K ×L, and necessarily determines a unique matrix θ, [ψ] , φ , by restriction to the distinguished fibres (see the discussion before Proposition 1.1). Such an h will be referred to as a (θ, ψ, φ) FHE.
In what follows we will make use of a stronger than usual form of FHE, that applies to fibrations with identical distinguished fibres. Two such fibrations, over the same pointed base space, will be said to be 1FHE if there is an FHE between them whose restriction to those fibres is homotopic to the identity on that space. Equivalently, if the base space is well pointed, we can require that there exists an FHE whose restriction to the distinguished fibres is the identity on that space (see [B1, (2.4.6)] ). We will denote the set of 1-fibrewise homotopy types of fibrations over B with distinguished fibres F by 1FHT(F : B).
We notice that a 1FHE, between fibrations with distinguished fibres K ×L, is an example of a (1, 0, 1)FHE.
The following standard results will be quoted repeatedly in what follows.
Let
A 0 ⊂ A be a cofibration, and K, L : A × I → W be homotopies that extend a given map N : (A × {0}) ∪ (A 0 × I) → W . Then K|A × {1} L|A × {1} relative to A 0 × {1}, i.e.
this last homotopy extends the homotopy
where a ∈ A 0 and t ∈ I (this is immediate from [W, Ch.1, Thm.7 .18], with B of that result taken to be a point).
2.10. Let r : Z → B be a fibration and H : A × I → B be a homotopy from f to g. It is well known that there is an FHE h :
Group Actions on Sets of Postnikov Fibrations
In this section, we introduce group actions of Aut H,
, and blend them together to produce the action of E(K ×L) referred to in Proposition 1.1. The proofs of the Lemmas used are removed to Section 9.
Let φ ∈ Aut H and the Postnikov fibration t(k 1 , k 2 ) be over B and have distinguished fibre K ×L. Then we can define an associated Postnikov fibration over B, as follows:
If follows via [B1, 2.7.7 ] that φ · t(k 1 , k 2 ) also has distinguished fibre K ×L.
Lemma 3.2. (i) There is a group action
Let θ ∈ Aut(G) and t(k 1 , k 2 ) be a Postnikov fibration over B with distinguished fibre K ×L. We notice that there is a homeomorphism
∧ . Then we can define an associated Postnikov fibration, again over B with distinguished fibre K ×L, i.e.
3.3.
θ
. (i) There is a group action
We will now consider the action of a third group whose elements appear in several different guises. It is standard, of course, that H n (K; H) can be identified with [K, L ] 0 . Viewing L as ΩL, we can interpret the members of the above group -or, to be more precise, the maps that make up the aforementioned membersin several different ways. Let ψ : K → L be a based map, and t(k 1 , k 2 ) a Postnikov fibration over B with distinguished fibre K ×L. It follows, via the cofibration property for {b 0 } × K ⊂ B (k 1 )P K (see [B1, 2.4.4 and 2.4.8] ) that there is a homotopy
We define an associated Postnikov fibration, i.e.
3.7.
which again is over B and has distinguished fibre K ×L.
is so defined (see (2.9)). It follows, via the relative version of (2.10), that t(k 1 , ψ · k 2 ) is unique up to 1FHT.
We are almost ready to blend together the actions of
. We must first, however, determine the extent to which these actions commute with each other.
The actions of Aut(G), Aut(H), and [K, L]
0 all preserve both the base space B and the property of having distinguished fibre K ×L, hence the Postnikov fibration θ, ψ, φ · t(k 1 , k 2 ) also has these same properties.
Proposition 3.11. (i) There is a group action
, with θ, ψ, φ and θ , ψ , φ denoting the associated 2 × 2 matrices, and t(k 1 , k 2 ) be a Postnikov fibration of the required type. Then it follows from Lemma 3.9 that the following fibrations are 1FHE :
(ii) There are (θ, 0, 1), (1, ψ, 1) and
2 ) (see parts (ii) of Lemmas 3.4, 3.8 and 3.2, respectively). Multiplying matrices
(iii) The "if" condition is immediate from the data and (ii). Now an FHE from t(k 1 , k 2 ) to t( 1 , 2 ) is a (θ, ψ, φ)FHE, for suitable choices of θ ∈ Aut G, ψ ∈ M 0 (K, L) and φ ∈ Aut H (see (2.8)). The result follows after applying (ii) to t(k 1 , k 2 ).
Theorem 3.12 (Preliminary Classification Theorem). Let m and n be integers such that 0 < m < n, G and H be Abelian groups, and B be a well pointed space. Then there is a bijection:
Proof. This is immediate from (iii) of Proposition 3.11.
Classifying Spaces and Exponential Laws
The next part of our main argument requires the use of the fibred or freerange mapping space M ∞ , and a fibred or freerange exponential law. We give a few basic ideas concerning these concepts here; the reader can find more information in [B1] and [B3] .
Classifying Spaces.
We define the set M ∞ as the set of null homotopic maps from individual fibres of p to L, i.e. x∈K M (P K|x, L; c(e) ). The function p ∞ : M ∞ → K is the projection that takes maps P K|x → L to x, where x ∈ K.
We topologize M ∞ with the cg-ification of the topology that has subbasis consisting of all sets of maps of the forms: 
A Fibred Exponential Law and Classifying Maps.
Let B be a pointed weak Hausdorff space (see [B1, p.91 
, where k 2 is determined by k as specified previously.
In that situation the map k will be referred to as the classifying map for t(k 1 , k 2 ).
Universal Postnikov Fibrations.
The maps p ∞ : M ∞ → K and p : P K → K determine a pullback space M ∞ (p ∞ )P K, and there is an associated evaluation map
where p ∞ (f ) = p(y). We recall, from (M9) of [B1, p.90 
A 1FHT Classification Theorem.
Let m and n be integers with 1 < m < n, G and H be Abelian groups, and B be a well pointed space having the homotopy type of a simply connected CW-complex. Then [B1, Theorem 7.5] asserts that there is a bijection
The Postnikov fibration t(p ∞ , e ∞ ) is universal amongst Postnikov fibrations over B with distinguished fibre K ×L, in the sense that the rule
] defines the last bijection.
The Basic FHT Classification Theorem
In this section, we use (4.4) to replace the orbit set 1FHT(K ×L : B)/E(K ×L) of Theorem 3.12 by a more computable orbit set [B,
Lemma 5.2. (i) There is a group action
where φ ∈ Aut H and k ∈ M 0 (B, M ∞ ).
(ii) Let t(k 1 , k 2 ) be a Postnikov fibration over B with distinguished fibre K ×L and φ ∈ Aut(H). Then t(k 1 , k 2 ) is classified by k if and only if φ
The argument is reversible, so the proof is complete.
If θ ∈ Aut G, then there is a based homeomorphism θ
Lemma 5.4. (i) There is a group action
where θ ∈ Aut G and k ∈ M 0 (B, M ∞ ).
(ii) Let t(k 1 , k 2 ) be a Postnikov fibration over B with distinguished fibre K ×L and 
As with ψ · k 2 , the map ψ · k is not uniquely determined, but it is unique up to based homotopy.
Lemma 5.7. (i) There is a group action
(ii) Let t(k 1 , k 2 ) be a Postnikov fibration over B with distinguished fibre K ×L, and
Proof. (i) This is similar to the proof of Proposition 3.8(i), which has been removed to Section 9.
(ii) The composition of k 1 and the projection π : B × I → B determines a homotopy k 1 • π : B × I → K. Pulling p : P K → K back over this homotopy defines (B × I) (k 1 • π)P K. Identifying this pullback space with (B (k 1 )P K) × I, and applying the fibred exponential law to S of (3.6), we obtain a homotopy S < : B × I → M ∞ that agrees with T on B × {0}, i.e. both start at k : B × {0} = B → M ∞ . It follows via (2.9) that the classifying map for t(k 1 , ψ · k 2 ), i.e. S < |B × {1}, is based homotopic to ψ · k. The above argument is reversible, so the proof is complete.
We are now ready to specify the action of
0 that determines the orbit set used in our basic classification theorem.
If k ∈ M 0 (B, B ∞ ), then we define
It follows from (ii) of Lemmas 5.2, 5.4 and 5.7, that θ, ψ, φ · k is unique up to based homotopy.
Proposition 5.9. (i) There is a group action
E(K ×L) × [B, M ∞ ] 0 → [B, M ∞ ] 0 , ( θ, [ψ], φ , [k]) → [ θ, ψ, φ · k] (ii) Let t(k 1 , k 2 ) be a Postnikov fibration over B with distinguished fibre K ×L.
The actions of Propositions 3.11(i) and 5.9(i) agree in the sense that t(k 1 , k 2 ) is classified by k if, and only if, θ, ψ, φ · t(k
Proof. We will prove (ii) first. Let us consider:
Then (a) ⇔ (b) by Lemma 5.2(ii), (b) ⇔ (c) by Lemma 5.7(ii), and (c) ⇔ (d) by Lemma 5.4(ii). Hence (ii) is verified. (i)
We have just seen that the function of (i) agrees with the group action of Proposition 3.11(i). It follows that the function of (i) is a group action. Proposition 1.1 is a reformulated version of Proposition 5.9(i), in that we use an alternative description of the group action. With the Proposition 1.1 approach the action is slightly easier to describe in elementary notation. In particular, we do not need to introduce additional terminology concerning maps, produced via the homotopy extension property. k 2 ) ). Applying the fibred exponential law (4.2), it follows that the corresponding based maps, B → M ∞ , i.e. ψ · (θ · k) and θ · ((ψ • θ) · k), are based homotopic. Replacing ψ by ψ • θ −1 and k by ψ · k, we obtain:
Proof of Proposition
It follows that the rule
is an alternative description of group action of Proposition 5.9. It is in this alternative form that the action is described in Proposition 1.1.
Proof of the Basic Classification Theorem 1.2.
We see by (ii) of Proposition 5.9 that the bijection
(see 4.4) is equivariant relative to the actions of Propositions 5.9 and 3.11. Hence there is an induced bijection between the two orbit sets corresponding to these actions. The result follows via Theorem 3.12.
A Stable Range Version of the FHT Classification Theorem
We now show that in situations where ψ can be delooped, i.e. where there is a χ ∈ M 0 (K, L) such that Ωχ 0 ψ, then θ, ψ, φ · k is specified using only composition and pointwise addition of functions. This enables us to use such a χ to give formulae defining both the homotopy T of (5.5) and the corresponding group action on [B, M ∞ ] 0 . Let χ : K → L be a based map, and t(k 1 , k 2 ) a Postnikov fibration over B and with distinguished fibre K ×L. We define the map k 1 p :
, where (b, y) ∈ B P K, and
where + denotes pointwise addition relative to L.
In this definition k(b) and c(χk 1 (b)) are both maps P K|k 1 (b) → L, and the + refers to pointwise addition. The function χ · k is continuous because it corresponds to χ · k 2 via the fibred exponential law (4.2).
meets the specifications of (3.6), i.e. relative to k 2 and ψ 1 . b, t, y) , as explained in the proof of Lemma 5.7(ii), we see that S determines a map (
Recalling that (B (k
where b ∈ B, t ∈ I, and k(b) and ε b,t are in M (P K|k 1 (b), L; c(e)), with ε b,t (y) = χy(t).
Hence T meets the requirements of the homotopy of (5.5), and can be used to
So it follows by (5.8), (6.5) and (6.6) that
We recall the cohomology suspension function [MT, p.139]
which, in homotopy theoretic terms, is the covariant looping function
There is also an associated function
It is well known that if n < 2m, then Ω * is an isomorphism (see [MT, Prop.4, p.152] ), and follows easily that Λ * is also an isomorphism.
Proposition 6.8. (i) If 0 < m < n < 2m, then there is a group action:
(ii) If β denotes the action of Proposition 5.
Proof. (ii) follows by (6.7), and (i) is a consequence of (ii)
Proof of Proposition 1.3. This result is just (i) of Proposition 6.8, but with the formula describing the action spelled out in more detail.
Proof of the Stable Range Classification Theorem 1.4. The two orbit sets
of Theorem 1.4 agree (see Proposition 6.8(ii) and use the fact that Λ * is an isomorphism). The result follows immediately from Theorem 1.2.
The Principal Fibration Case
7.1. Let X, Y and Z be spaces, and f : X → Y and g : Y → Z be maps. Then we will use the notation
It is standard that principal K ×L-fibrations over B are classified up to equivariant FHE by maps B → K × L (see [B2, Thm.5.8 and Prop.5.9] ). Thus
7.2.
It is explained in (M1) of [B1, p.89 ] that there is a based embedding
where x ∈ K and w ∈ L, that is fibrewise over K.
We now relate j ∞ to the universal fibration t(p ∞ , e ∞ ) of (4.3).
is -to within a canonical homeomorphism of its total space -the principal
is the classifying map -in the sense of (4.3) -for the principal fibration ≺ k 1 , k 
Proof. (i) Viewing the induced fibration as a Postnikov fibration E
Then E 2 is obtained by pulling back the path fibration q :
(ii) This follows from (i) by elementary properties of pullbacks.
is the pullback of a principal fibration, and hence is itself principal.
Let D, W and X be pointed spaces and g : W → X be a pointed map. Then there is a covariantly induced function g * : Proof. This is a slight variation of the corresponding result where g is a weak homotopy equivalence [S, Cor.7.6 .23].
Proposition 7.5. Let 1 < m < n < 2m, and B have connectivity greater than n − m + 1. Then the induced function
Proof.
If N is a CW-complex, with distinguished point n 0 , then the based L; c(e) ) → L, that evaluates at n 0 , is a fibration (the proof follows easily via the expononential law for cg-spaces [V, Thm.3.6] ). Now K has the homotopy type of a CW-complex N , so the analogue of v for K, 
is an isomorphism for i > n − m + 1. Hence (j ∞ ) * is a bijection for the specified range of values of i (Lemma 7.4).
Proof of Proposition 1.5. There is a group action
defined by composition. The action of Proposition 1.5 is just the cohomology interpretation of that action.
Proof of the Stable Range Classification Theorem 1.6. (i) We have to verify that the Hurewicz fibration case is equivalent to the principal fibration case, and this follows immediately from (2.10), Proposition 7.3(ii) and Proposition 7.5.
(ii) The function (j ∞ ) * is equivariant relative to the group actions described in the proof of Proposition 1.5 and in Proposition 6.8(i). Then Proposition 7.5 ensures that the function induced by j ∞ , i.e.
[B,
is a bijection. The result follows if we compose the last bijection with that of Theorem 1.4, and
0 . This in turn corresponds via Proposition 7.5 to the orbit of the homotopy class of
0 , which then corresponds via Theorem 1.4 to the fibrewise homotopy type of (j ∞ • u, v ) * t(p ∞ , e ∞ ). We know via Proposition 7.3(ii) that this is the orbit of u, v * (p × q) as required.
Examples
Example 8.1. If H = 0, then K(H, n) can be a one point space, and
so we have retrieved the classification theorem for fibrations whose fibres have a single non-zero homotopy group.
and we have again retrieved the classification theorem for fibrations whose fibres have a single non-zero homotopy group.
Example 8.3. We use Theorem 1.6 to compute the set
, where m, n, t and u are positive integers with 0 < m < n < min(2m, m + t − 2).
(i) If t < u, the above set of fibrewise homotopy types is in bijective correspondence with:
(ii) If t = u, the above set of fibrewise homotopy types is in bijective correspondence with:
(iii) The cases where the classifying set has a single element, i.e. (i)(d) and (ii)(e), are independent of the n < min(2m, m + t − 2) assumption. The actions of G and H on G ⊕ G and H ⊕ H, respectively, are the diagonal actions. Thus, in the former case, the rule is defined by (θ, u, v 
where θ ∈ Aut(G), and u, v ∈ G.
Proofs for Section 3
Proof of Lemma 3.2. (i) If φ and φ
(ii) The fibrewise map Φ(φ) is a homeomorphism, since it has an inverse Φ(φ −1 ), and so is certainly a FHE. Also the restriction of Φ(φ) to the distinguished fibre
Proof of Lemma 3.4. This argument is parallel to that of Lemma 3.2, and uses routine properties of pullbacks. The verification of (i) depends on the facts that postcomposition with θ and precomposition by θ −1 ∧ both depend covariantly on θ. The fibrewise map Θ(θ) of (ii) is a homeomorphism, since it has inverse Θ(θ −1 ). The restriction of Θ(θ) to the distinguished fibre
Proof of Lemma 3.5. The results of (i) follow via the exponential law for cg-spaces. Thus ψ 1 may be determined from ψ by applying that law once, and ψ 2 derives from ψ 1 by applying it again. The results of (ii) are obtained if we apply similar procedures to a based homotopy K × I → L.
Proof of Lemma 3.8. (i) Let ψ and ψ ∈ M
0 (K, L). Defining ψ · (ψ · k 2 ) involves applying the cofibration property twice to k 2 , first using ψ 1 and then ψ 1 .
However if we define ψ 1 + (ψ ) 1 : K × I → L by (ψ 1 + (ψ ) 1 )(y, t) = ψ 1 (y, 2t) t 1/2 (ψ ) 1 (y, 2t − 1) t 1/2, then a single application of the cofibration property using k 2 and ψ 1 + (ψ ) 1 = (ψ + ψ ) 1 yields a member of the same homotopy class (E 1 , {b 0 } × K) → (L, {e}) (see (2.9)). Hence ψ · (ψ · t(k 1 , k 2 )) and (ψ + ψ ) · t(k 1 , k 2 ) have the same 1FHT, and it follows that we are dealing with a group action.
(ii)(a) We consider a Postnikov fibration t(k 1 , k 2 ), with associated principal fibrations p 1 : E 1 → B and p 2 : E 2 → E 1 , and apply the argument of (2.10), with r : Z → B taken as q : P L → L, A = E 1 , H = S(k 1 , k 2 , ψ) of (3.6), f = k 2 and g = ψ · k 2 . There is a specific procedure for computing liftings over path fibrations (see [S, Cor.2.8.8] ) and so, after following through the details, we obtain a homotopy R : E 2 × I → P L with restriction R 1 : E 2 → P L, where R 1 (b, y, z)(t) = z(2t) t 1/2 S(b, y, 2t − 1) t 1/2, b ∈ B, y ∈ P K, z ∈ P L, and (b, y, z) ∈ E 2 . We must also consider the Postnikov fibration t(k 1 , ψ · k 2 ), with principal fibrations p 1 : E 1 → B as before, and p Hence ψ 1 (y, −)(t) = ψ 1 (y, t) = ψ(y)(t), where y ∈ K, t ∈ I, and so ψ 1 (y, −) = ψ(y). So we have shown that if y ∈ K and z ∈ L, then R 1 (y, z) = z + ψ(y). Proof of Lemma 3.9. Parts (i), (ii) and (iii) are contained in parts (i) of Lemmas 3.2, 3.4, and 3.8, respectively. The proofs of (i) and (iii) are spelled out in the proofs of Lemmas 3.2 and 3.8. We verify the most difficult of the remaining three cases, i.e. (v), and leave the others to the reader.
We notice that ψ · (k 2 • (1 θ Each of these terminating maps induces the "E 2 → E 1 " fibration of a specific Postnikov fibration, in both cases with E 1 = B (θ • k 1 )P K. It follows by the relative version of (2.10) that there is an FHE, between these fibrations, that restricts to the identity over {b 0 } × K. Hence this FHE is a 1FHE between the corresponding Postnikov fibrations "E 2 → B".
